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We study the exotic quantum statistical behavior of composite particle of double-spin cluster and
quasiparticle of triple-spin cluster in a four-spin quantum model. We constructed a four spin-1/2
model on a triangular star lattice but added frustrated coupling terms of plaquette quasiparti-
cles. The eigenstates of this model are maximal entangled quantum states like Greenberger-Horne-
Zeilinger state and Yeo-Chua’s genuine four-qubit entangled state. We generalized the conventional
definition for quantum statistics of two elementary particles to composite particle of multispin clus-
ters. Greenberger-Horne-Zeilinger state and Yeo-Chua’s genuine four-qubit entangled state showed
different behavior according to this generalized definition. The quantum statistical behavior of the
composite particle of double-spin cluster is neither boson nor fermion in ground state and some in-
termediate excited states. The triple-spin cluster of this model is eigen-quasiparticles. We perform
permutation operation on the eigenstates of triple-spin plaquette operator according to this gener-
alized definition for quantum statistics of multi-spin clusters, the statistical matrix of exchanging
two triple-spin quasiparticles is far beyond fermion and boson. The von Neumann entropy of the
triple-spin quasiparticle is also highly nontrivial. These nontrivial quantum statistical behavior of
plaquette quasiparticles is helpful for decoding the non-abelian anyons in Kitaev honeycomb model.
PACS numbers: 03.65.Ud, 03.67.Mn, 05.30.-d
I. INTRODUCTION
Fermion is the most fundamental building block for
matters. Most bosons are composite particle of even
number of fermions. The typical fermion, proton, is also
a composite particle of three quarks. The collective wave
function of two fermions is anti-symmetric, ψ(r1, r2) =
−ψ(r2, r1). While the collective wave function of two
bosons is symmetric, ψ(r1, r2) = ψ(r2, r1). The statisti-
cal factor of anyon is defined as ψ(r1, r2) = e
iθψ(r2, r1),
where [θ = απ,1 < α < 2]. Different statistical behavior
of these composite particles leads to different physical
phenomena. The unknown statistical behavior of com-
posite particles gained long-lasting research interest until
today. One recent study defines an arbitrary composite
boson by the product of two fermion or boson operator
[1], interesting eigenstate and commutator was derived
by defining an effective composite boson annihilation op-
erator [1]. If Pauli principle has no influence on physical
behavior of many composite bosons, the composite boson
of two entangled fermions can be treated as an elemen-
tary bosonic particle [2]. The upper and lower bounds of
a defined quantity determines the bosonic statistical be-
havior of a pair of entangled fermions [3]. Many compos-
ite particles in strongly correlated quantum many body
system exhibits exotic statistical behavior beyond boson
and fermion, such as quasiparticle and quasiholes in frac-
tional quantum Hall system [4], abelian anyon model for
topological quantum computation [5], and so on. The
non-abelian plaquette excitations in Kitaev’s honeycomb
model obeys non-trivial topological fusion rule. How-
ever it is hard to find the exact relationship between
the topological fusion rule and the conventional textbook
definition of anyons above. In this paper, we proposed
a generalized definition of the textbook’s definition of
anyon for studying the composite particle of double-spins
and triple-spin quasiparticles in a triangular star model
with frustrated quasiparticle, which can be viewed as the
minimal model of Kitaev honeycomb model [6], but the
additionally introduced frustration terms makes it more
complicate than Kitaev honeycomb model.
It is the quantum entanglement between the elemen-
tary particles of a composite particle that drives the sta-
tistical behavior of composite particle out of the scope
of boson and fermion. Quantum entanglement attracted
many research interests for quantum computation [7][8].
The upper bounds of squared concurrence [9] and its
dual lower bound of squared concurrence for arbitrary
mixed state [10] can be used to estimate the entangle-
ment in experimental measurement. Modern quantum
optical technology can implement finite number of qubits
[11]. Greenberger-Horne-Zeilinger state has been gener-
ated in laboratory [12], so did the W-state of four qubits
[13]. The Cross-Kerr nonlinearity of quantum optics [14]
is suggested for implementing Yeo-Chua’s genuine four-
qubit entangled states [15]. Since the four-qubit states
is very convenient for experiment implementation, the-
oretical research interest on quantum entanglement of
four-qubit state is accumulating rapidly [7].
Recently the classification of quantum entangled states
by symmetry has aroused many research interest [16]
[17][18][19][20][21]. Entangled state is categorized by
the permutation symmetry of the subsystems [17].
the Greenberger-Horne-Zeilinger-Like symmetric state of
four qubits is constructed By extending the symmetry of
three-qubit Greenberger-Horne-Zeilinger (GHZ) state to
four qubits [19]. While most of these states is constructed
without Hamiltonian. In this triangular model, we actu-
ally derived many entangled states by directly solving
2this four-spin quantum model. We generalize the text-
book definition of permutating two particles in collective
wave function to permutating two pairs of particles, and
also generalize it to permutating two composite quasipar-
ticle of three-spin cluster. With the help of Hamiltonian
operator and plaquette operator, we found the general-
ized triplet state and singlet state of the composite spin
of double-spins.
This four-spin model is inspired by Kitaev honeycomb
lattice model for topological quantum computation [6][5].
We built the coupled four spin model on a triangular
star lattice. The first part of the Hamiltonian obeys
the coupling rule of Kitaev honeycomb model [6]. The
newly added second part is anti-ferromagnetic coupling
between neighboring plaquette operators which sits right
at the center of plaquette. The anti-ferromagnetic cou-
pling between particles on triangular lattice results in
geometrically frustrated quantum system [22]. The ge-
ometric frustration between plaquette quasiparticles of
this four-spin model also introduced interesting statis-
tics of quasiparticles beyond that of Kitaev honeycomb
model, for instance, the ground state is no longer homo-
geneous gauge pattern.
The article is organized as following: In section II, we
proposed the triangular star model and the generalized
definition for statistics of composite particle of double-
spins. The nontrivial statistical matrix of composite par-
ticle of double-spins was computed. In section III, we
computed the quantum statistical matrix of the plaquette
quasiparticle of triple-spin clusters. A non-trivial statisti-
cal matrix and von Neumann entropy was found. Section
IV is a brief summary.
II. THE QUANTUM STATISTICS OF
COMPOSITE DOUBLE-SPIN OPERATORS IN A
TRIANGULAR STAR MODEL
This triangular star model places the four particles at
the vertices of a triangular star lattice(Fig. 1). The tri-
angular star has three independent triangular plaquette.
The four particles coupled to each other following Kitaev
honeycomb model. We added an antiferromagnetic cou-
pling between the nearest neighboring plaquette on the
Hamiltonian,
Ha = Jxσ
x
1σ
x
3 + Jyσ
y
1σ
y
2 + Jzσ
z
2σ
z
3 + Jxσ
x
2σ
x
4 + Jyσ
y
3σ
y
4
+ Jzσ
z
1σ
z
4 + JpSˆ1Sˆ2 + JpSˆ2Sˆ3 + JpSˆ3Sˆ1. (1)
The three plaquette operators Sˆj are quantum string
operators around each triangular plaquette,
Sˆ1 = σ
z
1σ
x
2σ
y
3 , Sˆ2 = σ
z
4σ
y
2σ
x
3 , Sˆ3 = σ
x
1σ
z
2σ
y
4 . (2)
They commute with Hamiltonian and commute with each
other, i.e., [Sˆi, H ] = 0, [Sˆi, Sˆj] = 0, i 6= j = 1, 2, 3.
The three conserved plaquette operator divide the to-
tal Hilbert space into three sectors. Each plaquette oper-
ator has eigenvalues +1 and −1 within its Hilbert space,
(a) (b)
FIG. 1: (a) The triangular star model. Quasiparticle sits right
at the center of each triangle. (b) The eigenenergy levels of the
triangular star model with respect to the parameter setting
of (Jp = 2Jx, Jz = 2Jx, Jy = 2Jx).
Sˆα|ψ〉 = ±1|ψ〉. Every triangular plaquette operator de-
fines an effective Ising spin within each sector. In the
Kitaev honeycomb model, the ground state chooses a ho-
mogeneous gauge pattern. All plaquette operators take
the same eigenvalue. As there is antiferromagnetic cou-
pling between two plaquette, the ground state is no longer
the homogeneous gauge pattern. The ground state bear
the frustrated gauge pattern.
We first solve the model by diagonalizing the Hamil-
tonian matrix. The spin operators take a sixteen dimen-
sional representation,
σ
µ
1 = σˆ
µ
1 ⊗ I2 ⊗ I3 ⊗ I4, σµ2 = I1 ⊗ σˆµ2 ⊗ I3 ⊗ I4,
σ
µ
3 = I1 ⊗ I2 ⊗ σˆµ3 ⊗ I4, σµ4 = I1 ⊗ I2 ⊗ I3 ⊗ σˆµ4 , (3)
where σˆµi are the conventional Pauli matrices and Ii is the
2×2 identity matrix. The symbol ⊗ denotes direct prod-
uct. The eigenvalues of the sixteen dimensional Hamil-
tonian matrix lead to eight discrete energy levels,
E±p = 3Jp ± 2
√
J2x + J
2
y + J
2
z ,
E±µ = −Jp ± 2Jµ, µ = x, y, z. (4)
Each energy level has two fold degeneracy. The energy
levels are listed in Fig. 1 (b). The eigenenergy and eigen-
states are computed directly from the Hamiltonian ma-
trix. The newly added coupling terms of two plaquette
operators commute with Hamiltonian. It does not mod-
ify the physics mechanism of Kitaev honeycomb model.
The vortex excitation in the triangular plaquette repre-
sents the same type of quasiparticle excitation of Kitaev
honeycomb model. The main different character of this
triangle star model from Kitaev honeycomb model is the
neighboring quasiparticles are now antiferromagnetically
coupled to each other. As the three plaquette are placed
on a triangle, it forms a typical pattern of frustrated Ising
spin system. If the three quasiparticles have the same
eigenvalue, it is a fully frustrated system since the spins
intend to be parallel to each other. If there is only one
pair of spin are oriented at the same direction, it is the
minimally frustrated state. The ground state is the mini-
mally frustrated quasiparticle state for which the system
bears minimal energy.
3The two levels with higher eigenenergy E±p correspond
to excited states for which the eigenvalues of the three
plaquette operators takes the same value S1 = S2 =
S3 = ±1. The three pairs of energy level with lower
energy E±µ correspond to the frustrated gauge pattern.
Only one pair of quasiparticles is not frustrated for E±p .
If Jx = Jy = Jz , the six energy levels of E
±
µ would be
degenerated.
If the quasiparticle coupling interaction Jp becomes
zero, the triangular star model reduces to a finite Ki-
taev honeycomb model on triangular star lattice. For a
stronger quasiparticle coupling interaction than the spin
coupling,
Jp = 2Jx, Jz = 2Jx, Jy = 2Jx, (5)
there exists four degenerated states with zero energy.
Without losing important physics, we focus on this spe-
cial parameter setting of Eq. (5) in the following. By rep-
resenting the eigenvectors of the 16 dimensional Hamil-
tonian matrix by the 16 four-spin basis, we derived the
spin configurations corresponding to the four zero energy
states,
|o〉1 = 1
2
√
15
[| ⇑⇑〉+ | ⇓⇓〉+ 2| 	〉+ 2| 	〉
− 5| 		〉 − 5| 〉],
|o〉2 = 1
2
[| ⇑〉+ | ⇑〉+ | 	⇓〉+ | ⇓	〉],
|o〉3 = 1
2
[| ⇑	〉+ | ⇓〉+ | 	⇑〉+ | ⇓〉],
|o〉4 = 1
2
√
3
[| ⇑⇓〉+ | ⇓⇑〉+ 2| 		〉+ 2| 〉
− | 	〉 − | 	〉]. (6)
Here the symbols in the quantum wave function represent
the double spin configurations,
| ⇑〉 = | ↑↑〉, | ⇓〉 = | ↓↓〉, | 〉 = | ↑↓〉, | 	〉 = | ↓↑〉. (7)
The eigenenergy of the states above is zero, i.e., H |o〉µ =
0, µ = 1, 2, 3, 4. The zero energy state pair of |o〉2 and
|o〉3 comes from the minimal frustrated gauge pattern,
i.e, E+x = −Jp + 2Jx = 0. The two zero energy states
of |o〉1 and |o〉4 correspond to the fully frustrated states
E−p = 3Jp − 6Jx = 0.
The ground state has four fold degeneracy. We denote
them as |g〉µ, µ = 1, 2, 3, 4.,
|g〉1 = 1
2
[| ⇓	〉 − | ⇑〉+ | ⇑	〉 − | ⇓〉],
|g〉2 = 1√
2
[| ⇓⇑〉 − | ⇑⇓〉],
|g〉3 = 1
2
[| 	⇑〉 − | ⇓〉+ | 	⇓〉 − | ⇑〉],
|g〉4 = 1√
2
[| 		〉 − | 〉]. (8)
The eigenenergy of the four ground states are Eg =
−6Jx, i.e., H |g〉µ = −6Jx|g〉µ, µ = 1, 2, 3, 4. The
ground states are the minimally frustrated quasiparti-
cle states. Two of them comes from E−y = −Jp − 2Jy =
−6Jx. The other two states is for E−z = −Jp − 2Jz =
−6Jx. The spin configuration of the two states |g〉1 and
|g〉3 is the superposition of three-up-one-down state and
three-down-one-up state. The two states of |g〉2 and |g〉4
is the superposition state of four spin basis with two-up
spins and two-down spins. If we flip the spins of all of
the four ground states, it generates a minus sign upon
the original wave function. So the ground state breaks
Z2 symmetry.
The whole Hilbert space of eigenstates can be classified
into two classes. The first class breaks the Z2 symmetry.
This class only includes the ground state and the four
degenerated states with respect to 2Jx. The other class
keeps Z2 symmetry. This class includes the zero energy
states, the highest excited states and all the rest excited
states.
The energy level ω = 12Jx is the highest energy level
corresponding to the fully frustrated quasiparticle state.
The spin configuration corresponding to this two-fold de-
generated level is |e〉15 and |e〉16,
|e〉15 = 1
2
√
3
[| ⇑⇑〉+ | ⇓⇓〉+ 2| 	〉+ 2| 	〉
+ | 		〉+ | 〉],
|e〉16 = 1
2
√
15
[| ⇑⇓〉+ | ⇓⇑〉+ 2| 〉+ 2| 		〉
+ 5| 	〉+ 5| 	〉], (9)
The eigenstates of this model can be viewed as en-
tangled quantum states of two double-spin clusters. For
example, the nearest excited state above the zero energy
state has four-fold degeneracy. The spin configuration of
the four states are
|e〉11 = 1√
2
[−| ⇑⇑〉+ | ⇓⇓〉],
|e〉12 = 1
2
[−| ⇑〉 − | ⇑	〉+ | ⇓〉+ | ⇓	〉],
|e〉13 = 1
2
[−| ⇑〉+ | ⇓〉 − | 	⇑〉+ | 	⇓〉],
|e〉14 = 1√
2
[−| 	〉+ | 	〉]. (10)
The corresponding eigenenergy with respect to {|e〉11,
|e〉12, |e〉13, |e〉14} is E = 2Jx. The spin configurations of
|e〉12 and |e〉13 is the superposition of three-up-one-down
and three-down-one-up. The state |e〉11 can be viewed
as a dual state of the well-known Greenberger-Horne-
Zeilinger state for four qubit [12],
|GHZ〉 = | ⇑⇑〉+ | ⇓⇓〉. (11)
|e〉14 is a singlet pair state of two double-spin clusters .
The other two states, |e〉12 and |e〉13, can be viewed as
generalized W-state of four qubits [13],
|W 〉 = (| ⇑〉+ | ⇑	〉+ | ⇑〉+ | 	⇑〉). (12)
4The two degenerated states of energy level E = −4Jx
are |e〉9} and {|e〉10, they both bear similar state struc-
ture as W-state,
|e〉9 = 1
2
[| ⇑〉 − | ⇑〉 − | 	⇓〉+ | ⇓	〉],
|e〉10 = 1
2
[| ⇑	〉 − | 	⇑〉 − | ⇓〉+ | ⇓〉]. (13)
These eigenstates are genuine entangled states of four
spins. The zero energy states and highest excited states,
{|o〉1, |o〉4} and {|e〉15, |e〉16}, can be classified into the
same class as Yeo-Chua’s genuine four-qubit entangled
state [15],
|χ00〉 = | ⇓⇓〉 − | ⇓⇑〉 − | 		〉+ | 	〉
+ | 	〉+ | 〉+ | ⇑⇓〉+ | ⇑⇑〉. (14)
The eigenstates of this model can be implemented by
the same operation as that for generating Yeo-Chua’s
genuine four-qubit entangled state using cross-Kerr non-
linearity [14]. These states can be mapped into graph
states following the strategy of Ref. [26], the observable
operators in graph state theory has a physical meaning in
this quantum model. Usually Yeo-Chua’s genuine four-
qubit entangled state or W-state is constructed without
a Hamiltonian, but here we can derive the eigenenergy
of these states. One can decompose an arbitrary entan-
gled state as the superposition of these eigenstates. The
weight of each eigenstate is marked by its eigenvalue.
This offers us a new angle to see the internal structure of
the quantum entanglement.
The Wootters’s concurrence provide a convenient way
to quantify quantum entanglement of two-qubit states
[27],
τabcd = |〈ψ|σˆya ⊗ σˆyb ⊗ σˆyc ⊗ σˆyd |ψ∗〉|2. (15)
This concurrence has a physical interpretation in this
quantum model since none of the eignestates here in-
cludes complex numbers. The concurrence operator cor-
responds to conserved plaquette operator in this triangu-
lar star model. The product of any two plaquette opera-
tors is a string of four identical spin operators,
Sˆ1Sˆ2 = σ
z
1σ
z
2σ
z
3σ
z
4 , Sˆ2Sˆ3 = σ
x
1σ
x
2σ
x
4σ
x
3 ,
Sˆ3Sˆ1 = σ
y
1σ
y
2σ
y
3σ
y
4 . (16)
The plaquette operators keep an arbitrary ground state
vector within ground state. For example, the opera-
tion of plaquette operator Sˆ1 on the vector ground state,
Ψ[g1234] = [ |g〉1, |g〉2 , |g〉3 , |g〉4 ]T , gives a matrix,
Sˆ1Ψ[g1234] =


0 0 i 0
0 0 0 −i
−i 0 0 0
0 i 0 0




|g〉1
|g〉2
|g〉3
|g〉4

 . (17)
The operation of concurrence operator reads, τˆ = Sˆ3Sˆ1,
τˆΨ[g1234] =


−1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1




|g〉1
|g〉2
|g〉3
|g〉4

 . (18)
The four degenerated ground state are entangled states
of four qubits. Since the concurrence operator now hap-
pened to be a physical observable, quantum entangle-
ment maybe can be directly read out in experiment.
The textbook definition on quantum statistics of two
indistinguishable particles starts from swapping the po-
sitions of the two particles, Pˆψ(r1, r2) = e
iθψ(r2, r1),
where θ is called a statistical angle and Pˆ is the exchange
operator. θ = 2π defines Boson, θ = π defines Fermion,
while [θ = απ,1 < α < 2] defines anyon.
Kitaev honeycomb model Hamiltonian can be equiv-
alently mapped into a p-wave pairing Hamiltonian
[6][23][5]. This triangular star model can also transform
into a fermion pairing model by inverse Jordan-Wigner
transformation. Like the Cooper pair in BCS model, two
spins in this model behaves as typical composite boson
as that defined in Ref.[1]. While we define the composite
Boson by spin operators,
d1 = σˆ
z
i σˆ
z
j , d2 = σˆ
z
kσˆ
z
l , (i 6= j 6= k 6= l). (19)
These two composite Boson fulfills the Bosonic commuta-
tor [d1, d2] = 0. The spin operators in the composite Bo-
son can also mapped into a string operator of fermion by
Jordan-Wigner transformation [23]. That kind of com-
posite particle only exist in quantum many body system
on lattice. Here we shall put the triangular star model
equivalently on a one dimensional small lattice.
As all know, switching two fermions would generate a
negative sign in front of the collective wave function. A
composite particle composed of two fermions has compli-
cate behavior[1]. Here the composite particle of two spins
also demonstrate complicate statistical behavior beyond
Boson. We define a permutation operator P [12; 34],
P [12; 34]Ψ(1234) = Ψ(3412) = ηΨ(1234). (20)
Conventionally if η = +1, we call the composite par-
ticle as a Boson. The Composite particle is fermion if
η = −1. If η bear more complex structure, we might
call the composite particle as exotic composite particles.
These permutation operator plays a similar role as the
braiding operator in fraction quantum Hall system [5].
In the quantum Hall system, the wave function is Laugh-
lin wave function, while the labels, ”1,2,3,4”, denote the
position of quasiparticles or quasi-holes. Applying this
permutation operator on the well-known Greenberger-
Horne- Zeilinger state [12] shows it is symmetric state
of double qubit,
P [12; 34]|GHZ〉 = | ⇑⇑〉+ | ⇓⇓〉 = |GHZ〉. (21)
While the generalized W-state of four qubits [13] is also
symmetric state of double qubit,
P [12; 34]|W 〉 = | ⇑〉+ | ⇑	〉+ | ⇑〉+ | 	⇑〉 = |W 〉.(22)
But Yeo-Chua’s genuine four-qubit entangled state [15]
has complicate behavior under the operation of this per-
mutation operator. We decompose Yeo-Chua’s state as
5the sum of two parts, |χ00〉 = |χ001 〉+ |χ002 〉,
|χ001 〉 = | ⇓⇓〉+ | ⇑⇑〉+ | 〉 − | 		〉+ | 	〉+ | 	〉,
|χ002 〉 = | ⇑⇓〉 − | ⇓⇑〉. (23)
The first part is symmetric of double qubit cluster, while
the second part is anti-symmetric state of double qubit
cluster,
P [12; 34]|χ001 〉 = |χ001 〉, P [12; 34]|χ002 〉 = −|χ002 〉. (24)
The permutation operator reveals some fine property
of entangled many qubit state. In this triangular star
model, even if the four states bear the same eigenenergy,
their behavior under the permutation operator is com-
pletely different.
The eigenstates of this model was expanded in the
Hilbert space of the product operator of composite par-
ticle, d1d2 = σ
z
i σ
z
j σ
z
kσ
z
l . The four degenerated ground
states include one femionic cluster state and one bosonic
cluster states,
P [12; 34]|g〉2 = (−1)|g〉2, P [12; 34]|g〉4 = (+1)|g〉4.(25)
The rest two ground states can map into each other by
the permutation operator,
P [12; 34]|g〉1 = |g〉3, P [12; 34]|g〉3 = |g〉1. (26)
So we define a four dimensional vector of ground cluster
state,
Ψ[g(1234)] = [ |g〉1, |g〉2 , |g〉3 , |g〉4 ]T , (27)
then the permutation operates on the vector states,
P [12; 34]Ψ[g(1234)] =


0 0 1 0
0 −1 0 0
1 0 0 0
0 0 0 1




|g〉1
|g〉2
|g〉3
|g〉4

 . (28)
If we select two states out of the four ground states as
basis for quantum computation, the statistical factor of
Ψ[g1,g3] = [ |g〉1, |g〉3 ]T is a Pauli matrix
ηg13
[12;34]
= σx. (29)
For the other vector wave function of Ψ[g2,g4] =
[ |g〉2, |g〉4 ]T , the statistical factor of Ψ[g2,g4] is another
Pauli matrix
ηg24
[12;34]
= σz . (30)
The statistical property of the nearest excited state above
zero energy is similar to ground state,
P [12; 34]|e〉11 = |e〉11, P [12; 34]|e〉14 = −|e〉14.
P [12; 34]|e〉12 = |e〉13, P [12; 34]|e〉13 = |e〉12. (31)
The four degenerate zero energy states and the highest
excited states are all bosonic cluster states,
P [12; 34]|o〉i = |o〉i, i = 1, 2, 3, 4;
P [12; 34]|e〉j = |e〉j , j = 15, 16. (32)
FIG. 2: The one dimensional scheme of the triangular star
model. The initial spatial ordering of the four particle is
[1423]. The coupling bonds connecting the four particles re-
main the same as the original triangular star model.
Their corresponding statistical factor are
ηo
[12;34]
= 1, η15
[12;34]
= 1. (33)
The first excited state has two degenerated states. Per-
mutating two clusters produce a statistical factor beyond
boson and fermions,
P [12; 34]|e〉9 = eipi[σx3σx4 ]|e〉10,
P [12; 34]|e〉10 = eipi[σx3σx4 ]|e〉9, (34)
For the vector wave function of the first excited states,
Ψ[e9,e10] = [ |e〉9, |e〉10 ]T , the statistical factor of double
spin clusters is
ηe9
[12;34]
= eipiσx3σ
x
4
[
0 1
1 0
]
. (35)
As all know, logic gate operator in quantum computa-
tion can be expanded by Pauli spin matrices. Here the
permutation operator of composite double spins provides
one way of implementing quantum logic gate.
III. THE EXOTIC QUANTUM STATISTICS OF
FRUSTRATED PLAQUETTE QUASIPARTICLE
Kitaev honeycomb model was first solved by represent-
ing a spin operator by two Majorana fermions [6]. Later
on, a further study was carried out by Jordan-Wigner
transformation [23]. Here we use the inverse representa-
tion of Jordan-Wigner transformation to formulate the
Majorana fermion operators by spin operators [24]. This
inverse Jordan-Wigner transformation fulfills the com-
mutator of fermions as that in the generalized Jordan-
Wigner transformation [25]. Here we made a further
mapping from fermion into Majorana fermion.
The explicit formulation of inverse Jordan-Wigner
transformation depends on the spatial order of the four
particles. We squeeze the triangular star lattice to a one
dimensional chain by keeping the topology of interact-
ing bonds invariant. The indices (′1′,′ 2′,′ 3′,′ 4′) in the
Hamiltonian Eq. (1) are the name of the four particles in-
stead of its spatial ordering in the one dimensional chain.
We denote the four spatial positions along the one dimen-
sional chain as (i1 < i2 < i3 < i4)(Fig. 2). If we place
particle ′1′ on i4, the other three particles would sit on
the rest three sites (i1, i2, i3) before i4. For a special case
of the spatial ordering of the four particles [1423], i.e.,
6(i1 = 1, i2 = 4, i3 = 2, i4 = 3), the inverse Jordan-
Wigner transformation defines the spin representation of
eight Majorana fermions,
ψ1 = σ
y
1 , ψ4 = σ
x
4σ
z
1 , ψ2 = σ
y
2σ
z
1σ
z
4 ,
b1 = −σx1 , b4 = −σy4σz1 , b2 = −σx2σz1σz4 ,
ψ3 = σ
x
3σ
z
1σ
z
4σ
z
2 , b3 = −σy3σz1σz4σz2 . (36)
The string operator of spins for Majorana fermion ex-
actly fulfills the commutator of the original Majorana
fermions, b†i = bi, ψ
†
i = ψi, {bi, bj} = δij , {ψi, ψj} = δij ,
{bi, ψj} = 0. The Hamiltonian Eq. (1) under the inverse
Jordan-Wigner transformation Eq. (36) has the following
formulation,
H = iJxb2b4 − iJy[Sˆ2B23]b3b4 + iJzB14b1b4
+ iJx[Sˆ1Sˆ2]b1b3 − iJy[Sˆ3B14]b1b2 + iJzB23b2b3
+ JpSˆ1Sˆ2 + JpSˆ2Sˆ3 + JpSˆ3Sˆ1, (37)
where B14 = iψ1ψ4 and B23 = iψ2ψ3 are the quantum
bond operators on the σzi σ
z
j bond. The inverse Jordan-
Wigner transformation is based on the string operator
of σzi σ
z
j . B14 = iψ1ψ4 and B23 = iψ2ψ3 commute with
Hamiltonian. This can be checked by directly calculat-
ing the commutator term by term. For a more direct
understanding, B14 and B23 are the pair operator of two
fermions, it behaves like a boson as a composite opera-
tor. They both are the product of two ψ−type fermions,
thus they commute with all b−type fermion operators.
B14 commutes with B23. B14 and B23 commutes with
the product operator of two plaquette operators. This
can be checked by the fermionic representation of the
plaquette operators,
Sˆ1 = b1ψ1ψ2b3, Sˆ2 = ψ4b4b2ψ3,
Sˆ3 = ψ1ψ2b2b4, Sˆ4 = b1ψ3b3ψ4. (38)
The fourth plaquette operator Sˆ4 = σ
y
1σ
z
3σ
x
4 runs across
the outer boundary of the triangular star. Sˆ4 is equiva-
lent to the product of the other three plaquette operators,
Sˆ1Sˆ2Sˆ3 = Sˆ4. The product of two plaquette operators
equals to the product of two conserved bond operator
B14 and B23,
Sˆ1Sˆ3 = −B14B23, Sˆ2Sˆ4 = −B14B23. (39)
Every conserve quantum operator can be handled as good
quantum number.
In the Kitaev honeycomb model, the fermionic rep-
resentation of Kitaev Hamiltonian is a p-wave pairing
Hamiltonian [23]. The fermionic representation of the
triangular star model is beyond a p-wave pairing Hamil-
tonian. We defined four complex fermions fromMajorana
fermions,
c†a =
1
2
(b1 − ib3), ca = 1
2
(b1 + ib3),
cb =
1
2
(b2 + ib4), c
†
b =
1
2
(b2 − ib4). (40)
Every Majorana fermion can be expressed by the four
complex fermions. Substituting the complex represen-
tation of Majorana fermions into Hamiltonian Eq. (37)
gives
H = 2JxSˆ1Sˆ2c
†
aca + 2Jxc
†
bcb +∆cacb −∆∗c†ac†b − t∗cac†b
+ tc†acb − 2Jx + JpSˆ1Sˆ2 + JpSˆ2Sˆ3 + JpSˆ3Sˆ1, (41)
where ∆ is the pairing gap function and t is the hopping
functions,
∆ = Jz(B14 −B23) + iJy(S2B23 − S3B14),
t = Jz(B14 +B23)− iJy(S2B23 + S3B14). (42)
This Hamiltonian is equivalent to a conventional pair-
ing Hamiltonian for superconductivity that describes
the generation and annihilation of a pair of complex
fermions. For a partially fixed pattern of plaquette op-
erator Sˆ1Sˆ2 = 1, the eigenenergy of the excited quasi-
particle of complex fermions is
E = ±
√
4J2x +∆
∗∆±
√
tt∗ + Jp
∑
ij
SˆiSˆj. (43)
We expressed this eigenenergy into plaquette operators
to get clear vision on how eigenenergy depends on gauge
pattern,
E = ±
√
4J2x + 2J
2
z (1 + S3S1) + 2J
2
y (1 + S2S1)
±
√
2J2z (1− S3S1) + 2J2y (1− S2S1)
+ JpS1S2 + JpS2S3 + JpS3S1. (44)
For another partially fixed pattern of plaquette operators
Sˆ1Sˆ2 = −1, the eigenenergy of the excited quasi-particle
of the complex fermions is E′ = ±
√
4J2x + t
∗t ±√∆∆∗.
Its dependence on the three plaquette operators is equiv-
alent to Eq. 44 except that gauge pattern is different.
For the homogeneous gauge pattern, S1 = S2 = S3,
the eigenenergy of complex fermion excitations is E =
3Jp ± 2
√
J2x + J
2
y + J
2
z . Under the same parameter set-
ting as last section, {Jp = 2Jx, Jz = 2Jx, Jy = 2Jx},
the specific eigenenergy of complex fermion excitation
contributes two levels: one level is E = 12Jx, the other
is E = 0. E = 0 is the vacuum state of complex fermion.
E = 12Jx is its highest excited level. The eigenstates
with respect to E = 0 is |o〉1 and |o〉4. The eigenstates
with respect to ω = 12Jx is |e〉15 and |e〉16. For the in-
homogeneous gauge pattern, Sˆ1Sˆ2 = −1, the eigenstates
with respect to E = 0 is |o〉2 and |o〉3.
The conventional spin 1/2 particles may form a anti-
symmetric state (| ↑↓〉 − | ↓↑〉) and a symmetric state
(| ↑↑〉 + | ↓↓〉). Usually the singlet state leads to lower
energy. The triplet leads to higher energy. A singlet can
be transformed into a triplet state by flipping the second
spin or the first spin,
[ σx2 | ↑↓〉 − eipiσx2 | ↓↑〉 ] => [ | ↑↑〉+ | ↓↓〉 ]. (45)
7The singlet state and triplet state above is defined for
two spins. While the spin configuration of the triangle
star model includes four spins. A similar transformation
rule as that for a conventional singlet state and a triplet
state also exist between the zero energy state and the
highest energy states of this triangular star model. Here
is we need to flip a pair of spins. Based on the spin con-
figuration of zero energy states and the highest excited
states, one may extract two unit configuration out of the
complete states,
A = | ⇑⇑〉+ 2| 	〉+ 2| 	〉+ | ⇓⇓〉,
B = 5| 		〉+ 5| 〉. (46)
Both the zero energy state and the highest excited state
are linear combination of the two units,
|o〉1 = A−B, |e〉16 = [σx3σx4 ]A− eipi[σx3σx4 ]B. (47)
The same algebra relation also exist between the state
|o〉4 and |e〉15. The two unit spin configurations of |o〉4
and |e〉15 are different from that of |o〉1 and |e〉16. Both
|o〉1 and |e〉16 are bosonic state of double spin clusters.
Thus the zero energy state can be viewed as the gen-
eralized singlet state of double spins, while the highest
excited state is the generalized triplet state of double
spins.
The plaquette quasiparticle coupling terms commute
with the other terms in the Hamiltonian. The ground
state is a minimal frustrated quasiparticle state. Sˆ1 map
the four pure ground states into the same Hilbert space
of ground state,
Sˆ1|g〉1 = i|g〉3, Sˆ1|g〉2 = −i|g〉4,
Sˆ2|g〉1 = −i|g〉3, Sˆ2|g〉2 = −i|g〉4. (48)
The corresponding eigenstates of plaquette operator Sˆ1
can be constructed by the four ground eigenstates,
|S+〉A = |g〉1 + i|g〉3, |S−〉A = |g〉1 − i|g〉3,
|S+〉B = |g〉2 − i|g〉4, |S−〉B = |g〉2 + i|g〉4, (49)
|S±〉µ are the eigenstates of Sˆ1 and Sˆ2. their correspond-
ing eigenenergy is ±1, i.e.,
Sˆ1|S+〉A = +1|S+〉A, Sˆ1|S−〉A = −1|S−〉A,
Sˆ2|S+〉A = −1|S+〉A, Sˆ2|S−〉A = +1|S−〉A.(50)
The explicit spin configuration of these eigenstate of pla-
quette operator are
|S+〉A = [| ⇓	〉 − | ⇑〉+ | ⇑	〉 − | ⇓〉]
+ i[| 	⇑〉 − | ⇓〉+ | 	⇓〉 − | ⇑〉],
|S+〉B = [| ⇓⇑〉 − | ⇑⇓〉 − i| 		〉+ i| 〉]. (51)
The three plaquette operators define three quasiparticles.
These quasiparticles are eigen-excitation of this quantum
spin model. We define the similar permutation operator
to the double spin clusters to investigate the quantum
statistics of the triple spin clusters,
P [S1;S2] Ψ(1234) = P [1; 4]Ψ(1234) = η[S1;S2]Ψ(1234).(52)
Here (1234) indicates the index of the four spins. The
four spins are indistinguishable particles, so does the pla-
quette quasiparticles. If we define the index of the four
spins in a different order, the permutation matrix for ex-
changing two spins in the new space order are exactly the
same as before. So the index here is simply one represen-
tation, it does not make any differences on the physics.
According to this definition, the permutation operation
on the eigenstates of the plaquette operator is
P [S1;S2] |S+〉B = P [1; 4]|S+〉B = η[S1;S2] |S+〉B. (53)
The spin configuration after the permutation is
P [1; 4] |S+〉B = [| 〉 − | 		〉 − i| ⇑⇓〉+ i| ⇓⇑〉]. (54)
Comparing the spin configuration after the permutation
with the spin configuration before the permutation,
P [S1;S2] |S+〉B = iσz1σz2 |S+〉B. (55)
we read out the statistical matrix of two quasiparticles
[S1;S2] in ground state |S+〉B,
ηB+
[S1;S2]
= iσz1σ
z
2 . (56)
Since the eigenvalue of S1 and S2 are both +1 for |S+〉B,
the statistical factor has a simpler formulation. The sta-
tistical matrix of two quasiparticles is different for differ-
ent eigenstate even if they are in the same Hilbert space
of ground state with the same eigenenergy. We take an-
other eigenstate |S+〉A at ground state as an example.
The eigenvalue of S1 for |S+〉A is +1, while The eigen-
value of S2 for |S+〉A is −1. In this case, the statistical
matrix is much more complex than ηB+
[S1;S2]
. |S+〉A can
be represented by a matrix state,
|S+〉A =


1 0 0 0 0 0 0 0
0 −1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 −1 0 0 0 0
0 0 0 0 i 0 0 0
0 0 0 0 0 −i 0 0
0 0 0 0 0 0 i 0
0 0 0 0 0 0 0 −i




| ⇓	〉
| ⇑〉
| ⇑	〉
| ⇓〉
| 	⇑〉
| ⇓〉
| 	⇓〉
| ⇑〉


.(57)
The explicit spin configuration after permutating the two
plaquette quasi-particles for this state reads
P [S1;S2]|S+〉A = [| ⇓〉 − | 	⇑〉+ | ⇑	〉 − | ⇓〉]
+i[| ⇑〉 − | ⇓	〉+ | 	⇓〉 − | ⇑〉]. (58)
We also represent this spin configuration P [S1;S2]|S+〉A
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to complete a circle around the center.
by the matrix formulation,
P |S+〉A =


−i 0 0 0 0 0 0 0
0 i 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 −1 0 0 0 0
0 0 0 0 −1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 i 0
0 0 0 0 0 0 0 −i




| ⇓	〉
| ⇑〉
| ⇑	〉
| ⇓〉
| 	⇑〉
| ⇓〉
| 	⇓〉
| ⇑〉


.(59)
Performing some matrix algebra for solving the equation,
P [S1;S2] |S+〉A = ηA+[S1;S2] |S
+〉A, we derive the statistical
matrix,
ηA+
[S1;S2]
=


−i 0 0 0 0 0 0 0
0 −i 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 i 0 0 0
0 0 0 0 0 i 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1


. (60)
This is a highly nontrivial statistical matrix. If the statis-
tical matrix is a positive identity matrix, the two quasi-
particles are boson. If the statistical matrix is a nega-
tive identity matrix, the two quasiparticles are fermion.
While ηA+
[S1;S2]
has complex elements. Following the same
procedure, we can find the statistical matrix of other pla-
quette quasiparticles in other eigenstate. If quasiparticle
S1 complete a closed trajectory and returns to its starting
point (Fig 3), then the product of a series of statistical
matrices must fulfill the relationship,
P [S3;S2]P [S2;S1]P [S1;S3]P [S1;S2] = I, (61)
where I is an identity matrix. This nontrivial statistical
behavior of plaquette quasiparticle has potential applica-
tion in constructing non-trivial quantum logical gate.
The three spins in one triangular plaquette are highly
entangled with each other. The entropy of reduced den-
sity operator of the triple spin quasiparticle can be used
as quantification of quantum entanglement. We com-
pute the reduced density operator of S+〉B for plaque-
tte operator S2 = σ
y
2σ
x
3σ
z
4 . The density operator is
calculated by tracing out spin ”1”, i.e., ρ
S2
(S+〉B) =
Tr
[1]
[|S+〉BB〈S+|][1234]],
ρ
S2
(|S+〉B) =


1 i 0 0
−i −1 0 0
0 0 1 −i
0 0 −i −1

 . (62)
The eigenvalue of this density operators is ~λ =
[
√
2,
√
2, 0, 0]. Only the two non-zero eigenvalues, λ1 =√
2 and λ2 =
√
2, contribute to von Neumann entropy,
S(ρ) = −λ1Log[λ1]− λ2Log[λ2] = −
√
2Log[2]. (63)
the numerical value of von Neumann entropy S(ρ) =
−0.980258. The quantum entanglement of the three spin
in plaquette S2 is not trivial. We can continue to cal-
culate the reduced density operator and von Neumann
entropy for other plaquette operators, S3 = σ
y
4σ
x
1σ
z
2 and
S1.
The reduced density operator of is originally based on
the spatial order [1423]. If we modify the spatial order-
ing of the four spins in the eigenstate, the final density
density operator are exactly the same as the original spa-
tial ordering. Thus the fours are essentially not spatially
indistinguishable.
IV. SUMMARY
Composite particle of multi-spin clusters in strongly
correlated quantum many body system bear nontrivial
statistics beyond boson and fermion. We extended the
textbook definition for quantum statistics of two elemen-
tary particle to composite particle consist of many par-
ticles. The generalized definition is applied to study the
quantum statistics of double-spin clusters and triple-spin
quasiparticles in a triangular star quantum model. The
eigenstates of this model are genuine entangled four qubit
states. This Hamiltonian spontaneously generated eigen-
states which shows some similar but different internal
structure as Greenberger-Horne-Zeilinger state and Yeo-
Chua’s genuine entangled states.
With the complete eigenenergy levels and explicit spin
configuration of eigenstates, we found the zero energy
state is an anti-symmetric state of two double-spin clus-
ters, the highest excited state is a symmetric state of
two double-spin clusters. In zero energy level and the
highest energy level, two double-spin clusters behaves as
boson. While in ground state and other intermediate ex-
cited state, the double-spin cluster shows fermionic be-
havior. This is partly because the ground state here is
minimally frustrated states. If we choose different ba-
sis vector out of the four degenerated ground states, the
statistical matrix produce the well known Pauli matri-
ces. While Pauli matrix is convenient for constructing
quantum logic gates.
We introduced frustrated coupling plaquette quasipar-
ticles in this triangular star model. The triple-spin clus-
ters states are the eigenstates of this model. Thus the ex-
citation of triple-spin cluster is well defined quasiparticle.
9The Hamiltonian is mapped into a fermion pairing Hamil-
tonian of complex fermions. The statistical matrix of two
triple-spin clusters on the first excited state is neither
fermion nor boson. This suggest the plaquette quasipar-
ticle obey exotic quantum statistics. The von Neumann
entropy of the reduced density operator of the triangular
plaquette excitation is also highly nontrivial. The pla-
quette quasiparticle in this triangular star model follows
the same quantum symmetry as that in Kitaev honey-
comb model, the main difference is here we introduced
frustrations between quasiparticles and the quantum op-
erator of these quasiparticle is only a half of the length
as the hexagonal plaquette in Kitaev honeycomb model.
Here the generalized definition of quantum statistics out
of the textbook’s definition may help us to understand
the non-abelian anyon in Kitaev honeycomb model.
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